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Stability Analysis of Discrete-Time Polynomial
Fuzzy-Model-Based Control Systems With

Time Delay and Positivity Constraints
Through Piecewise Taylor Series

Membership Functions
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Abstract—This article proposes a novel membership-function
dependent approach for the stability/positivity investigation and
controller design of a nonlinear, discrete-time system with time
delay which is represented by a polynomial fuzzy model to
enhance the accuracy of the approximation. The polynomial
fuzzy controller is designed based on imperfect premise match-
ing design concept and a set of sum of square (SOS)-based
conditions is formulated to check the positivity and stability of
the control system. To relax the conservative SOS-based condi-
tions, we employ piecewise Taylor series membership functions
(PTSMFs) and introduce the membership function knowledge
into the stability conditions. Slack matrices are used to represent
the membership function and premise variable knowledge, which
contains: 1) regional approximation error between PTSMFs and
original membership functions; 2) regional bounds of PTSMFs;
and 3) the property knowledge of interpolation membership func-
tion of PTSMFs and regional bounds of premise variables. A
simulation example is finally given to verify our novel stabil-
ity/positivity conditions and discrete-time polynomial fuzzy (DPF)
controller design.

Index Terms—Discrete-time polynomial fuzzy (DPF) control
systems, imperfect premise match design, piecewise Taylor series
membership functions (PTSMFs), stability and positivity analysis,
sum of squares (SOSs), time delay.

I. INTRODUCTION

POSITIVE systems, referring to one type of systems whose
system states always work in positive space with non-

negative initial condition [1]–[4]. The theoretical study of
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positive systems has become important since the dynamical
process in chemical reactor, heat exchanges, and storage
systems can be effectively modeled with systems whose
state variables are non-negative. However, such processes are
always involved with time delays which can be a root cause of
poor performance and even instability in such systems [5], [6].
Therefore, any realistic dynamical positive model must include
the time delay into stability investigation and control synthesis
of positive nonlinear systems.

For now, different efficient control methods have been
employed to control nonlinear system, such as neural con-
trol [7], [8], fuzzy control [9]–[14], and so on. To model a
discrete-time positive nonlinear system with time delay, the
Takagi–Sugeno (T–S) fuzzy model [15], [16], has been widely
used as a valid method to describe the positive nonlinear
plant by a combination of local linear subsystems summed up
through membership functions under traditional sector non-
linearity technique [17], [18]. The advantage of T–S fuzzy
approximation is that a T–S fuzzy model is a convex combi-
nation of a set of local linear subsystems. As a result, all the
linear methods can be applicable to a nonlinear system repre-
sented by a T–S fuzzy model [19]. Another advantage is that
positivity and stability conditions can be formulated as lin-
ear matrix inequalities (LMIs) conditions which can be solved
numerically by convex technique [15], [20]. In the design of
a T–S model-based fuzzy controller, perfect premise matching
design concept is typically used [15], [16], [21], [22] where
the fuzzy controller must share the same number of rules and
membership functions with the T–S fuzzy model. In this way,
the feedback gains of the controller are obtained by using the
LMI stability and positivity conditions instead of predefined
design methods such as pole placement. However, this may
impose constraints on designing controllers (a large number
of fuzzy rules).

Recently, the polynomial fuzzy models gained a consider-
able attention since they are able to describe nonlinear systems
by a set of local polynomial subsystems weighted by mem-
bership functions through Taylor series expansion [23]–[26].
However, so far, there has been only an attempt [27] to
use the polynomial fuzzy model for modeling a discrete-time
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positive nonlinear system with time delay. Polynomial models
substantially improve the approximation capability compared
with basic T–S fuzzy models as they need a smaller num-
ber of fuzzy rules by keeping the nonlinear polynomial terms.
Moreover, positivity and stability conditions for polynomial
fuzzy control design can be numerically formulated using
more powerful techniques called the sum of squares (SOSs)
instead of LMIs [28]–[31]. To remove the constraints imposed
by perfect premise matching design concept, we use imperfect
premise matching design concept [23], [32] to allow the num-
ber of rules and membership functions of the controller and
the ones of the model to be different. In this way, the flexibil-
ity designing controller is improved. However, as employing
imperfect premise matching design concept, cross terms of
membership functions which can group Lyapunov inequalities
in perfect premise matching design cannot be applied any-
more, therefore, it leads to the conservativeness of stability
analysis.

To relax the stability conditions for positive discrete-time
polynomial fuzzy (DPF) control systems with time delay based
on imperfect premise matching design concept, there are two
methods that we can follow. One is to attempt various kinds
of Lyapunov function candidates, and the other is introducing
the membership function knowledge via slack matrices into the
stability analysis. In the first direction, quadratic Lyapunov–
Krasovskii function is frequently utilized in the literature to
formulate the stability conditions [16], [33]. A new form
of Lyapunov function candidate, i.e., co-positive Lyapunov–
Krasovskii function (CLKF), is also proposed [20], [34] which
consider the property of a positive nonlinear system to relax
a conservative stability formulation. The major advantage
of CLKF are that the resulting stability conditions is time-
delay independent [4], [16]. The other approach, where the
membership function knowledge is employed to relax the sta-
bility conditions [23], [24], [32], [35]–[37], a limited work
can be found toward relaxing the conservative formulation
for continuous positive polynomial fuzzy systems with time
delay [25], [26]. In [25], the membership function knowledge
is considered through piecewise linear membership functions,
and in [26], the membership functions are represented as
symbol variables carrying the positive grade of membership
functions into the stability analysis. As for positive DPF
systems with time delay, there is only an attempt in the
work [27] to relax the stability analysis by approximated
membership functions.

In this article, inspired by the works in [35], [38], and [39],
we propose to employ piecewise Taylor series membership
functions (PTSMFs) for the stability/positivity analysis of
DPF closed-loop systems with time delay. Compared with
piecewise linear membership functions which estimate the
grades of membership based on linear interpolation tech-
nique [25], [27], PTSMFs obtain polynomial functions based
on Taylor series expansion corresponding to predetermined
sample points to replace the original grades of membership.
Therefore, PTSMFs are able to show high approximation accu-
racy where the approximation error between PTSMFs and the
original membership functions depend on the Taylor series
expansion degree and the gap of sample points. To further

relax stability conditions, instead of introducing global mem-
bership function and premise variable knowledge among the
overall state space [25], [27], [35], we propose to introduce
new information into the stability analysis. This information
includes: 1) the regional bounds of PTSMFs; 2) the property
knowledge of interpolation membership function of PTSMFs
and regional bounds of premise variables corresponding to
each substate region; and 3) the regional approximation error
between PTSMFs and original membership functions. In this
way, additional information can be brought into stability and
positivity investigation and as a result more relaxed stability
and positivity conditions can be obtained.

To summarize the contribution of this article as follows.
1) Imperfect premise matching method is employed to

conduct the stability and positivity analysis of a DPF
closed-loop system with time delay,

2) PTSMFs will be employed to bring membership func-
tion knowledge, i.e., the regional approximated error of
PTSMFs into the stability analysis,

3) With employing PTSMFs, slack matrices carry the
regional bounds of PTSMFs, the property knowledge
of interpolation membership function of PTSMFs and
regional bounds of premise variables on stability anal-
ysis to further improve the relaxedness of stability
conditions.

The remaining structure of this article is organized as fol-
lows. Section II gives the descriptions of DPF model and
controller based on the imperfect premise matching design
concept. In Section III, membership-function-dependent sta-
bility and positivity conditions is proposed which contain the
regional approximated error between PTSMFs and original
ones, the regional bounds of PTSMFs, the property knowl-
edge of interpolation membership function of PTSMFs and
bounds of premise variables. In Section IV, a simulation exam-
ple is provided to demonstrate the merit of the proposed
stability/positivity theorem. Section V provided a conclusion.

II. NOTATIONS AND PRELIMINARIES

A. Notation

The following notations are employed in this article.
1) One term xf1

1 (ρ)xf2
2 (ρ) . . . xfn

n (ρ) with degree
f = ∑n

i=1 fi is defined as monomial of
x(ρ) = [x1(ρ), x2(ρ), . . . , xn(ρ)], where fi,
i ∈ {1, 2, . . . , n} a non-negative integer.

2) Polynomial q(x(ρ)) is considered as an expression with
a linear combination of monomials by real coefficients.
Polynomial q(x(ρ)) is defined as an SOS if it can be rep-
resented by q(x(ρ)) = ∑m

j=1 pj(x(ρ))2, where pj(x(ρ))

is a monomial and m ∈ Z
+. Obviously, SOS formulation

implying q(x(ρ)) ≥ 0.
3) Y � 0, Y � 0, Y ≺ 0, and Y � 0 denote positivity,

semipositivity, negativity, and seminegativity for each
element of the matrix Y, respectively.

4) n = {1, 2, . . . , n}, s = {1, 2, . . . , s}, and
j = {1, 2, . . . , j} represent the system state num-
ber of fuzzy model, the rule number of fuzzy
model, and the rule number of fuzzy controller,
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respectively, where n, s, j ∈ Z
+. l = {1, 2, . . . , l},

where l ∈ Z
+ is the time delay. w(x(ρ)) =

[w1(x(ρ)), w2(x(ρ)), . . . , wd(x(ρ))], d ∈ s and
m(x(ρ)) = [m1(x(ρ)), m2(x(ρ)), . . . , mc(x(ρ))], c ∈ j
are defined as the normalized membership functions of
fuzzy model and fuzzy controller, respectively.

B. DPF Model With Time Delay

Now, the description of the discrete-time nonlinear plant
with time delay is given by s rules polynomial fuzzy model.
The dth rule subsystem formulation is provided as

Rule d: IF f1(x(ρ)) is Md
1 AND · · · AND f�(x(ρ)) is Md

�

THEN x(ρ + 1) = Ad0(x(ρ))x(ρ)

+
l∑

i=1

Adix(ρ − τi) + Bd(x(ρ))u(ρ) (1)

x(ρ) = ϒ(ρ), ρ = [−τmax, 0] (2)

where fuzzy set is defined as Md
q in rule d for function

fq(x(ρ)), q = {1, 2, . . . , �}, � ∈ Z
+; ϒ(ρ) is the initial con-

dition of system states; x(ρ) ∈ �n, u(ρ) ∈ �m, Ad0(x(ρ)) ∈
�n×n, Adi ∈ �n×n, and Bd(x(ρ)) ∈ �n×m are known state
vector, control input vector, polynomial system, time delay,
and input matrices, respectively. τi, i ∈ l = {1, 2, . . . , l}, is the
time delay. The system dynamics is described as

x(ρ + 1) =
s∑

d=1

wd(x(ρ))

(

Ad0(x(ρ))x(ρ) +
l∑

i=1

Adix(ρ − τi)

+ Bd(x(ρ))u(ρ)

)

(3)

where wd(x(ρ)) is defined as the normalized membership
grade and

wd(x(ρ)) =
∏�

q=1 μMd
q

(
fq(x(ρ))

)

∑p
k=1

∏�
q=1 μMk

q
(fl(x(ρ)))

≥ 0

s∑

d=1

wd(x(ρ)) = 1

and μMd
q
(fq(x(ρ))) is the membership grade for fuzzy

term Md
q .

Definition 1 [20]: The positivity definition of a system
means when the non-negative initial condition ϒ(·) � 0,
the trajectory of system states x(ρ) continue work in positive
space for all ρ � 0.

Lemma 1 [20]: The open loop DPF system with time
delay (3) with u(ρ) = 0 is originally positive when the system
matrices Ad0(x(ρ)) � 0 and time delay matrices Adi � 0.

C. DPF State-Feed-Back Controller

Based on the imperfect premise matching design concept,
the cth rule local formulation of polynomial fuzzy controller
is provided

Rule c: IF g1(x(ρ)) is Nc
1 AND · · · AND g�(x(ρ)) is Nc

�

THEN u(ρ) = Gc(x(ρ))x(ρ) (4)

where fuzzy set is defined as Nc
l in rule j for function gl(x(ρ))

and l = {1, 2, . . . , �}, � ∈ Z
+; Gc(x(ρ)) ∈ �m×N , c ∈ j,

represents the polynomial feedback gain of fuzzy controller.
The output of polynomial fuzzy controller is defined

u(ρ) =
j∑

c=1

mc(x(ρ))Gc(x(ρ))x(ρ) (5)

where mc(x(ρ)) represents the normalized membership grade
and

mc(x(ρ)) =
∏�

l=1 μNc
l
(gl(x(ρ)))

∑c
k=1

∏�
l=1 μNk

l
(gl(x(ρ)))

≥ 0

j∑

c=1

mc(x(ρ)) = 1

where μNc
l
(gl(x(ρ))) is defined as the membership grade for

fuzzy set Nc
l .

Remark 1: In the imperfect premise matching design con-
cept, we let the membership function mj(x(k)) of the PFMB
controller to be freely chosen as mj(x(k)) �= wi(x(k)) for
any p �= c. Therefore, even though we confront the situation
that a large number of rules and/or complicated membership
functions fuzzy model, we still can design a smaller num-
ber of rules and/or simple membership functions controller.
Therefore, the imperfect premise matching design concept
offers the greatest design flexibility of designing polynomial
fuzzy controller and further reduces the implementation cost.

III. POSITIVITY AND STABILITY ANALYSIS

The DPF closed-loop system with time delay is formed
by substituting the polynomial fuzzy controller (5) into the
polynomial fuzzy model (3)

x(ρ + 1) =
s∑

d=1

j∑

c=1

wd(x(ρ))mc(x(ρ))

×
(

(Ad0(x(ρ)) + Bd(x(ρ))Gc(x(ρ)))x(ρ)

+
l∑

i=1

Adix(ρ − τi)

)

. (6)

Assumption 1: Adi � 0 should be satisfied for the poly-
nomial fuzzy model (3), otherwise, no polynomial fuzzy
controller can be founded to guarantee the positivity of DPF
closed-loop system with time delay.

Lemma 2 [20]: For the DPF closed-loop system with time
delay (6), positivity for ϒ(·) � 0 means Ad0(x(ρ)) +
Bd(x(ρ))Gc(x(ρ)) � 0 and Adi � 0.

Remark 2: Based on the imperfect premise matching design
concept, the shape polynomial fuzzy controller membership
function mc(x(ρ)) and fuzzy model membership function
wd(x(ρ)) satisfy mc(x(ρ)) �= wd(x(ρ)) for c �= d.

Remark 3: A great deal of work has been done in [33]
to ease the stability and positivity analysis for the nonlinear
system using duality principals and dual system equivalence
of stability. Since the stability conditions between two systems
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under duality are equivalent, we transfer the original system
to a dual equivalent system whose matrices are transposed
compared with the original system. The advantage of doing
so is that using a dual system equivalent, we can get an inte-
grated formulation and cancelation of time delay during the
investigation of Lyapunov stability analysis.

The dual system formulation of (6) is demonstrated as
follows:

x(ρ + 1) =
s∑

d=1

j∑

c=1

wd(x(ρ))mc(x(ρ))

+ Bd(x(ρ))Gc(x(ρ))Tx(ρ)

×
((

Ad0(x(ρ)) +
l∑

i=1

AT
dix(ρ − τi)

))

. (7)

The equivalence of stability conditions for the original
system and its dual system is proved in the following.

Proof: The nonlinear DPF closed-loop system with time
delay (6) can be re-expressed by

x(ρ + 1) =
s∑

d=1

j∑

c=1

l∑

i=0

wd(x(ρ))mc(x(ρ))

× (Edci(x(ρ)x(ρ − τi))) (8)

where τ0 = 0, for i = 0, Edc0(x(ρ)) = (Ad0(x(ρ)) +
Bd(x(ρ))Gc(x(ρ))), for i = 1, . . . , l, Edci = Adi, (8) can be
re-expressed by

x(ρ + 1) =
s∑

d=1

j∑

c=1

l∑

i=0

× wd(x(ρ))mc(x(ρ))(Edci(x(ρ)x(ρ − τi))

=
s∑

dρ=1

j∑

cρ=1

l∑

iρ=1

s∑

dρ−1=1

j∑

cρ−1=1

l∑

iρ−1=1

· · ·

×
s∑

d0=1

j∑

c0=1

l∑

i0=1

wd(x(ρ))mc(x(ρ))

× wdρ−1(x(ρ − 1))mcρ−1(x(ρ − 1)) · · ·
× wd0(x(0))mc0(x(0))

× (
Edci

(
x(ρ) × Edρ−1cρ−1iρ−1(x(ρ − 1)) · · ·

× Ed0c0i0(x(0)) × x
(−τi − τiρ−1 − · · · τi0

))
.

(9)

For the dual system (7), we can rewrite the term as

x(ρ + 1) =
s∑

d=1

j∑

c=1

l∑

i=0

wd(x(ρ))mc(x(ρ))

× (
ET

dci(x(ρ)x(ρ − τi))
)
. (10)

Equation (10) can be re-expressed by

x(ρ + 1) =
s∑

d=1

j∑

c=1

l∑

i=0

wd(x(ρ))mc(x(ρ))

× (
ET

dci(x(ρ)x(ρ − τi))
)

=
s∑

dρ=1

j∑

cρ=1

l∑

iρ=1

s∑

dρ−1=1

j∑

cρ−1=1

×
l∑

iρ−1=1

· · · ×
s∑

d0=1

j∑

c0=1

l∑

i0=1

wd(x(ρ))mc(x(ρ))

× wdρ−1(x(ρ − 1))mcρ−1(x(ρ − 1)) · · ·
× wd0(x(0))mc0(x(0))

×
(

ET
dci

(
x(ρ) × ET

dρ−1cρ−1iρ−1
(x(ρ − 1)) · · ·

× ET
d0c0i0(x(0)) × x

(−τi − τiρ−1 − · · · τi0

))
.

(11)

Assuming the dual system (11) is stable with initial con-
dition x(0) = ϒ(0) � 0 and x(−τi − τiρ−1 − · · · τi0) =
ϒ(−τi − τiρ−1 − · · · τi0) � 0, then x(ρ + 1) → 0 as ρ → ∞.
Therefore, we can conclude that

ET
dci

(
x(ρ) × ET

dρ−1cρ−1iρ−1
(x(ρ − 1)) · · ·

)

× ET
d0c0i0(x(0)) → 0. (12)

Considering (12), we can rewrite the term as
(
Ed0c0i0(x(0)) × Edρ−1cρ−1iρ−1(x(ρ − 1))

× Edci(x(ρ))
)T → 0 (13)

and (13) implies to

Ed0c0i0(x(0)) × Edρ−1cρ−1iρ−1(x(ρ − 1)) × Edci(x(ρ)) → 0.

(14)

As can be seen from the terms (14) and (8), the polynomial
fuzzy controller (5) based on the imperfect premise matching
method can stabilize the original system (6) as well as its dual
equivalent controller system in (7).

A. Positivity Analysis

Remark 4: Based on Lemma 2, the positivity SOS-based
conditions for DPF closed-loop system with time delay are
summarized from (32) to (34) in Theorem 1.

B. Piecewise Taylor Series Membership Function

To relax the stability conditions for the DPF closed-loop
system with time delay, different methods of constructing
approximated membership functions, such as staircase mem-
bership function and piecewise linear membership function
have been utilized to include membership function knowledge
to the stability analysis [25], [40]. As mentioned in Section I,
to reduce the approximation error, we propose to employ
PTSMFs here to relax the stability conditions. Since we use
Taylor series expansion polynomial functions to construct the
PTSMFs, first, the certain number of sample points are cho-
sen from membership functions. Then Taylor series expansion
is employed to get a corresponding polynomial function at
every sample point. For every two adjacent sample points,
one interpolation function is designed to connect with Taylor
series expansion polynomial functions. Finally, PTSMFs are
obtained to approximate the original membership functions.
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The construction process of PTSMFs will be demonstrated
numerically in the following. Considering a nonlinear systems
with system states x(ρ) = [x1(ρ), x2(ρ), . . . , xn(ρ)] and
x(ρ) ∈ δ, δ ∈ �n is overall system state space. For the � th
system state x� (ρ), the corresponding region is partitioned
e� connected subregions by sample points. We then define
the overall state space such that it is partitioned e connected
subregions in the state space denoted as δg, g = 1, 2, . . . , e.
Based on above definition, define the whole state space with
subregions δ = ∪e

g=1δg, e = ∏n
�=1 e� . Since x� (ρ) is con-

fined to the e� subregion in the range of adjacent sample
points x�1g to x�2g, we can construct each subregion δg pos-
sesses 2n end points and

∏n
�=1(e� + 1) sample points for

overall state space.
We define hdc(x(ρ)) = wd(x(ρ))mc(x(ρ)) where wd(x(ρ))

and mc(x(ρ)) are original membership functions of the poly-
nomial fuzzy model and controller, respectively. The formation
of PTSMFs ĥdcg(x(ρ)) when x(ρ) ∈ δg is given as

ĥdcg(x(ρ)) =
2∑

q1=1

2∑

q2=1

· · ·
2∑

qn=1

n∏

�=1

	�q� g(x� (ρ))

× ϕdcq1q2···qng(x(ρ)) (15)

where ϕdcq1q2···qng(x(ρ)) is Taylor series expansion polynomial
function for original membership function hdc(x(ρ)) corre-
sponding to sample points x�q�g. The term 	�q� g(x� (ρ))

serves as a function of connecting adjacent two Taylor
series expansion polynomial functions together satisfies 0 <

	�q� g(x� (ρ)) < 1 and 	�1g(x� (ρ)) + 	�2g(x� (ρ)) = 1.
In the process of Taylor series expansion polynomial

function ϕdcq1q2···qng(x(ρ)), the formulation of Taylor series
expansion is first considered

n(x(ρ)) =
∞∑

k=0

1

k!

(
n∑

�=1

(x� (ρ) − x�0)
∂

∂x� (ρ)

)k

× n(x(ρ))|(x� (ρ)=x�0,�=1,2,...,n) (16)

where n(x(ρ)) represents an arbitrary function of x(ρ),
[(∂kn(x(ρ)))/(∂x� (ρ))] is the constant value by conducting
kth partial derivative of n(x(ρ)) corresponding to x� (ρ) and
replacing variable x� (ρ) with expansion points x�0,� =
1, 2, . . . , n.

Based on the Taylor series expansion technique introduced
above, Taylor expansion for original membership function
hdc(x(ρ)) = wd(x(ρ))mc(x(ρ)) on the sample points x�q�g

can be described by

ϕdcq1q2···qng(x(ρ)) =
τ−1∑

k=0

1

k!

(
n∑

�=1

(
x� (ρ) − x�q� g

) ∂

∂x� (ρ)

)k

× hdc(x(ρ))|(x� (ρ)=x�q� g,�=1,2,...,n)

(17)

where τ is the Taylor series expansion degree, meaning the
Taylor series expansion polynomial function ϕq1q2···qng(x(ρ))

is obtained with τ − 1 degree of state variables x(ρ).
	�q� g(x� (ρ)) is used to connect adjacent sample points

x�1g and x�2g. Based on interpolation technique, when x(ρ) ∈

δg, we have following relationship:

ϕdcq1q2···2···qng(x(ρ)) − ĥdcg(x(ρ))

x�2g − x� (ρ)

= ϕdcq1q2···2···qng(x(ρ)) − ϕdcq1q2···1···qng(x(ρ))

x�2g − x�1g
(18)

where we choose q� = 1 and q� = 2 for ϕdcq1q2···1···qng(x(ρ))

and ϕdcq1q2···2···qng(x(ρ)), respectively.
Comparing (18) with (15), we can get

	�1g(x� (ρ)) = x�2g − x� (ρ)

x�2g − x�1g

	�2g(x� (ρ)) = 1 − 	�1g(x� (ρ)). (19)

Now, PTSMFs are obtained by substituting (17) and (19)
into (15).

C. SOS-Based Stability Analysis

Subject to positivity conditions based on Remark 4, the
following polynomial CLKF is employed to investigate the
stability of (7)

V(x(ρ)) = xT(ρ)η +
s∑

m=1

l∑

i=1

τl∑

q=1

(
x(ρ − q)TAmiη

)
(20)

where η = [η1, η2, . . . , ηn]T � 0.
Considering the terms (7) and (20), we have

V(x(ρ)) = V(x(ρ + 1)) − V(x(ρ))

=
s∑

d=1

j∑

c=1

wd(x(ρ))mc(x(ρ))

×
(

xT(ρ)(Ad0(x(ρ)) + Bd(x(ρ))Gc(x(ρ)))

+ xT(ρ − τi)

l∑

i=1

Adi

)

η

+
s∑

m=1

l∑

i=1

(
x(ρ)TAmi − x(ρ − τi)

TAmi
)
η

− xT(ρ)η. (21)

Since the membership functions of the polynomial fuzzy
model and fuzzy controllers wd(x(ρ)) and mc(x(ρ)) satisfy
the property 0 ≤ wd(x(ρ)) ≤ 1 and 0 ≤ mc(x(ρ)) ≤ 1 for
d ∈ s, c ∈ j, therefore, we get

V(x(ρ)) ≤
s∑

d=1

j∑

c=1

wd(x(ρ))mc(x(ρ))

× (
xT(ρ)(Ad0(x(ρ)) + Bd(x(ρ))Gc(x(ρ)))

)
η

+
s∑

d=1

l∑

i=1

xT(ρ − τi)Adiη − xT(ρ)η

+
s∑

m=1

l∑

i=1

(
x(ρ)TAmi − x(ρ − τi)

TAmi
)
η
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≤
s∑

d=1

j∑

c=1

wd(x(ρ))mc(x(ρ))

× (
xT(ρ)(Ad0(x(ρ)) + Bd(x(ρ))Gc(x(ρ)))

)
η

− xT(ρ)η

+
s∑

m=1

l∑

i=1

x(ρ)TAmiη

=
s∑

d=1

j∑

c=1

wd(x(ρ))mc(x(ρ))xT(ρ)

×
(

(Ad0(x(ρ)) + Bd(x(ρ))Gc(x(ρ)))η

− η +
s∑

m=1

l∑

i=1

Amiη

)

=
s∑

d=1

j∑

c=1

wd(x(ρ))mc(x(ρ))xT(ρ)

×
((

Ad0(x(ρ)) +
s∑

m=1

l∑

i=1

Ami

)

η

+ Bd(x(ρ))

n∑

w=1

�c
w(x(ρ)) − η

)

=
s∑

d=1

j∑

c=1

wd(x(ρ))mc(x(ρ))xT(ρ)Qdc(x(ρ))

(22)

where

Qdc(x(ρ)) =
(

Ad0(x(ρ)) +
s∑

m=1

l∑

i=1

Ami

)

η

+ Bd(x(ρ))

n∑

w=1

�c
w(x(ρ)) − η

=
[
qdc

1 (x(ρ)), qdc
2 (x(ρ)), . . . , qdc

n (x(ρ))
]T

(23)

the polynomial fuzzy controller is

Gc(x(ρ)) =
[
�c

1(x(ρ))

η1
,
�c

2(x(ρ))

η2
, . . . ,

�c
n(x(ρ))

ηn

]

�c
1(x(ρ)), �c

2(x(ρ)), . . ., �c
n(x(ρ)) ∈ �m for c ∈ j are to be

determined.
Remark 5: Based on Lyapunov stability theory, the asymp-

totic stability of the dual system (7) can be realized through
V(ρ) > 0 and V(x(ρ)) < 0 (not include x(ρ) = 0) which
can be obtained through qdc

k (x(ρ)) < 0 for d ∈ s, c ∈ j, k ∈ n.
Remark 6: The positivity and stability of DPF closed-loop

system (6) is guaranteed if positivity conditions in Remark 4
and the stability conditions qdc

k (x(ρ)) < 0 for d ∈ s, c ∈ j, k ∈
n are satisfied together as equivalence of stability between
the DPF closed-loop system with time delay (6) and its dual
system (7).

Remark 7: The polynomial fuzzy controller can be syn-
thesized to control the closed-loop system (6) positive and
stable by solving the basic SOS-based positivity and stability

conditions provided by Remark 6. However, the membership
function knowledge wd(x(ρ)) and mc(x(ρ)) are not considered
leading to potentially conservative stability results.

Now, we relax the stability conditions by including the
membership function knowledge via: 1) the regional approx-
imation error between original membership functions and
PTSMFs; 2) the regional bounds of PTSMFs; and 3) the
property knowledge of interpolation membership function of
PTSMFs and bounds of premise variables.

First, the membership function knowledge is introduced
into stability analysis by the regional approximation error
between the original membership functions and PTSMFs.
The approximation error is defined as hdcg(x(ρ)) =
wd(x(ρ))mc(x(ρ)) − ĥdcg(x(ρ)) when x(ρ) ∈ δg. We also
define δdcg ≤ hdcg(x(ρ)) ≤ δdcg where δdcg and δdcg are the
lower and upper bound of approximation error hdcg(x(ρ)) to
be determined. Now using the term (22), we can change the
V(x(ρ)) to

V(x(ρ))

= xT(ρ)

⎛

⎝
e∑

g=1

ξg(x(ρ))

s∑

d=1

j∑

c=1

ĥdcg(x(ρ)) × Qdc(x(ρ))

+
e∑

g=1

ξg(x(ρ))

s∑

d=1

j∑

c=1

(
wd(x(ρ))mc(x(ρ))

− ĥdcg(x(ρ)) +
(
δdcg − δdcg

))
Qdc(x(ρ))

⎞

⎠

= xT(ρ)

⎛

⎝
s∑

d=1

j∑

c=1

e∑

g=1

ξg(x(ρ))
(
ĥdcg(x(ρ)) + δdcg

)
Qdc(x(ρ))

+
s∑

d=1

j∑

c=1

e∑

g=1

ξg(x(ρ))
(
hdcg(x(ρ)) − δdcg

)

× Qdc(x(ρ))

⎞

⎠ (24)

where ξg(x(ρ)) satisfies ξg(x(ρ)) = 1, x(ρ) ∈ δg, g =
1, 2, . . . , e, otherwise, ξg(x(ρ)) = 0.

If we define slack matrix 0  Ydcg(x(ρ)) =
[ydcg

1 (x(ρ)), ydcg
2 (x(ρ)), . . . , ydcg

n (x(ρ))]T ∈ �n, and

e∑

g=1

ξg(x(ρ))Ydcg(x(ρ)) − Qdc(x(ρ)) � 0.

Then we rewrite the term (24) as

V(x(ρ))

≤ xT(ρ)

e∑

g=1

ξg(x(ρ))

⎛

⎝
s∑

d=1

j∑

c=1

(
ĥdcg(x(ρ)) + δdcg

)
Qdc(x(ρ))

+
s∑

d=1

j∑

c=1

(
δdcg − δdcg

)
Ydcg(x(ρ))

⎞

⎠.

(25)
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Compared to the inclusion of the global approximation error
in the stability conditions defined on the entire state space, the
regional lower and upper approximation error corresponding to
each subregion provides more information from membership
function in the stability analysis which leads to a more relaxed
and feasible conditions.

Then, in order to obtain more relax the stability condi-
tion, the regional lower and upper boundary of PTSMFs
corresponding to each subregion δg are brought into stabil-
ity analysis. We define ζ

dcg
≤ ĥdcg(x(ρ)) ≤ ζ dcg where ζ

dcg

and ζ dcg are the regional lower and upper bounds of PTSMFs
ĥdcg(x(ρ)) when x(ρ) ∈ δg. The following inequalities hold:

e∑

g=1

ξg(x(ρ))

s∑

d=1

j∑

c=1

(
ζ dcg − ĥdcg(x(ρ))

)
Sdcg(x(ρ)) � 0

(26)
e∑

g=1

ξg(x(ρ))

s∑

d=1

j∑

c=1

(
ĥdcg(x(ρ)) − ζ

dcg

)
SSdcg(x(ρ)) � 0

(27)

where 0 � Sdcg(x(ρ)) ∈ �n and 0 � SSdcg(x(ρ)) ∈ �n are
polynomial vectors.

In addition to regional lower and upper boundary from
PTSMFs, the property knowledge of interpolation member-
ship function of PTSMFs are brought into stability analysis
to further reduce the conservativeness of stability conditions.
Referring to the expression of interpolation membership func-
tion of PTSMFs (19), we know that 	�q� g(x� (ρ)) satisfies
∑e

g=1 ξg(x(ρ))
∑2

q1=1
∑2

q2=1 · · ·∑2
qn=1

∏n
�=1 	�q� g(x� (ρ))

= 1, therefore, we have

e∑

g=1

ξg(x(ρ))

2∑

q1=1

2∑

q2=1

· · ·
2∑

qn=1

n∏

�=1

	�q� g(x� (ρ))

× (
x� (ρ) − x�q� g

)
Tg(x(ρ)) = 0 (28)

where Tg(x(ρ)) ∈ �n is an arbitrary polynomial vectors.
Other than approximated error and regional boundary

knowledge from PTSMFs and property knowledge from inter-
polation membership function of PTSMFs which can be
considered as membership dependent stability analysis, we
will introduce the premise variable regional boundary knowl-
edge corresponding to subregion δg to further relax the stability
analysis. As we defined before, for nonlinear systems with
system states x(ρ) = [x1(ρ), x2(ρ), . . . , xn(ρ)], the � th
system state x� (ρ), the corresponding region is divided into
d� connected subregions by sample points x�q�g. We divide
the overall state space into e connected subregion which are
denoted as δg, g = 1, 2, . . . , e. Considering x� (ρ) which is
confined to the d� th subregion under the range from adjacent
sample points x�1g to x�2g, we can have

e∑

g=1

ξg(x(ρ))

n∑

j=1

(
xj (ρ) − xj1g

)(
xj2g − xj (ρ)

)
Ujg(x(ρ)) � 0

(29)

where 0 � Ujg(x(ρ)) ∈ �n is polynomial vector.

Considering the terms (25) to (29) and (15), we have the
following inequality:

V(x(ρ))

≤ xT(ρ)

e∑

g=1

ξg(x(ρ))

2∑

q1=1

×
2∑

q2=1

· · ·
2∑

qn=1

n∏

�=1

	�q� g(x� (ρ))

×
s∑

d=1

j∑

c=1

((
ϕdcq1q2···qng(x(ρ)) + δdcg

)
Qdc(x(ρ))

+
(
δdcg − δdcg

)
Ydcg(x(ρ))

+ (
ζ dcg − ϕdcq1q2···qng(x(ρ))

)
Sdcg(x(ρ))

+
(
ϕdcq1q2···qng(x(ρ)) − ζ

dcg

)
SSdcg(x(ρ))

+ (
x� (ρ) − x�q� g

)
Tg(x(ρ))

+
n∑

j=1

(
xj (ρ) − xj1g

)

× (
xj2g − xj (ρ)

)
Ujg(x(ρ))

)
. (30)

According to (30), we can achieve V(x(ρ)) < 0 by

s∑

d=1

j∑

c=1

⎛

⎝
(
ϕdcq1q2···qng(x(ρ))+δdcg

)
Qdc(x(ρ))+

(
δdcg−δdcg

)

× Ydcg(x(ρ))+(ζ dcg−ϕdcq1q2···qng(x(ρ))
)
Sdcg(x(ρ))

+
(
ϕdcq1q2···qng(x(ρ)) − ζ

dcg

)
SSdcg(x(ρ))

+ (
x� (ρ) − x�q� g

)× Tg(x(ρ))

+
n∑

j=1

(
xj (ρ) − xj1g

)(
xj2g − xj (ρ)

)
Ujg(x(ρ))

⎞

⎠ ≺ 0

(31)

guaranteeing the stability of DPF closed-loop system with
time delay (6). From (31), together with guaranteed positivity
based on Remark 4, the positivity of DPF closed-loop system
with time delay (6) is guaranteed if the following theorem is
satisfied.

Theorem 1: For the DPF closed-loop system with time
delay (6), positivity and asymptotically stability can be guaran-
teed if there exist η ∈ �n and �c

w(x(ρ)) ∈ �m for c ∈ j, w ∈ n
and polynomial vectors Ydcg(x(ρ)) ∈ �n, Sdcg(x(ρ)) ∈ �n,
SSdcg(x(ρ)) ∈ �n, Tg(x(ρ)) ∈ �n, Ujg(x(ρ)) ∈ �n and the
following SOS-based conditions together with Remark 4 are
satisfied:

ηk − ε1 is SOS, k ∈ n (32)

ad0
rk (x(ρ))ηk + bd

r (x(ρ))�c
k(x(ρ)) is SOS

d ∈ s, c ∈ j, r, k ∈ n (33)

adi
rk is SOS, d ∈ s, i ∈ l, r, k ∈ n (34)
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−
⎛

⎝
s∑

d=1

j∑

c=1

⎛

⎝
(
ϕdcq1q2···qng(x(ρ)) + δdcg

)
qdc

k (x(ρ))

+
(
δdcg − δdcg

)
ydcg

k (x(ρ))

+ (
ζ dcg − ϕdcq1q2···qng(x(ρ))

)
sdcg

k (x(ρ))

+
(
ϕdcq1q2···qng(x(ρ)) − ζ

dcg

)
ssdcg

k (x(ρ))

+ (
x� (ρ) − x�q� g

)
tgk (x(ρ))

+
n∑

j=1

(
xj (ρ) − xj1g

)(
xj2g − xj (ρ)

)
ujg

k (x(ρ))

⎞

⎠

+ ε2(x(ρ))

⎞

⎠

is SOS, d ∈ s, c ∈ j, g ∈ e, k,�, j ∈ n (35)

ydcg
k (x(ρ)) is SOS, d ∈ s, c ∈ j, g ∈ e, k ∈ n (36)

ydcg
k (x(ρ)) − qdc

k (x(ρ)) is SOS, d ∈ s, c ∈ j, g ∈ e, k ∈ n

(37)

sdcg
k (x(ρ)) is SOS, d ∈ s, c ∈ j, g ∈ e, k ∈ n (38)

ssdcg
k (x(ρ)) is SOS, d ∈ s, c ∈ j, g ∈ e, k ∈ n (39)

ujg
k (x(ρ)) is SOS, g ∈ e, k, j ∈ n (40)

where matrices Ad0(x(ρ)) and Adi the (r, k)th element
are represented as ad0

rk (x(ρ)) and adi
rk, respectively; vector

Bd(x(ρ)) the rth element is represented as bd
r (x(ρ)); vec-

tors η, Qdc(x(ρ)), Ydcg(x(ρ)) ∈ �n, Sdcg(x(ρ)) ∈ �n,
SSdcg(x(ρ)) ∈ �n, Tg(x(ρ)) ∈ �n, and Ujg(x(ρ)) ∈
�n the kth elements are represented as ηk, qdc

k (x(ρ)),
ydcg

k (x(ρ)), sdcg
k (x(ρ)), ssdcg

k (x(ρ)), tgk(x(ρ)), and ujg
k (x(ρ)),

respectively; scalar satisfies ε1 > 0 and predefined
scalar polynomial satisfies ε2(x(ρ)) > 0; qdc

k (x(ρ)) is
defined in (23).

Proof: The obtained SOS-based stability and positivity con-
ditions (32) to (40) will be achieved based on Remark 4 and
Lyapunov stability theory which has been carried out from (20)
to (31).

Remark 8: As the information of the membership functions
is carried by slack matrices to the stability analysis and the
number of stability conditions are generally higher, compu-
tational demand on finding a feasible solution to the stability
conditions will be higher, however, in the membership function
dependent stability analysis, the stability conditions obtained
are not for any shape of membership functions but dedicated
to the fuzzy-model-based control system with time delay to
be controlled, which means we can much more easily find
the wanted fuzzy controller to stabilize the nonlinear system.
Therefore, the conservativeness of stability analysis can be
reduced further.

IV. SIMULATION EXAMPLE

To validate the proposed Theorem 1 in the previous sec-
tions, a simulation example is given here. In the example, we
consider a three rule polynomial fuzzy system with time-delay,

the system, time delay, and input matrices are given

x(ρ) = [
x1(ρ) x2(ρ)

]T

A10(x1(ρ)) =
[
0.02b + 0.4 + 0.015x1(ρ) − 0.001x1(ρ)2 0.2

0.2 0.3

]

A20(x1(ρ)) =
[

0.4 0.1 − 0.01x1(ρ)

0.2 0.01a

]

A30(x1(ρ)) =
[

0.03 0.4
0.24 + 0.01x1(ρ) 0.06 + 0.0003x1(ρ)2

]

B1(x1(ρ)) =
[

0.2b + 0.1
0.1 − 0.001x1(ρ)2

]

B2(x1(ρ)) =
[

1 + 0.003x1(ρ)2

0.1 − 0.001x1(ρ)2

]

B3(x1(ρ)) =
[

1 + 0.005x1(ρ)2

0.1 − 0.001x1(ρ)2

]

A11 = A21 = A31 =
[

0.01 0
0 0

]

A12 = A22 = A32 =
[

0.01 0
0 0

]

where the predefined constant parameters a and b are chosen
gap of 1 and 0.19 for 20 ≤ a ≤ 27 and 2.14 ≤ b ≤ 4.04,
respectively.

The three-rule membership function shapes of the polyno-
mial fuzzy model is given as

w1(x1) = 1 − 1
(
1 + e−(x1−6)

)

w2(x1) = 1 − w1(x1) − w3(x1)

w3(x1) = 1
(
1 + e−(x1−14)

) .

Based on the imperfect premise matching design concept, a
two-rule fuzzy controllers are chosen to ensure the positivity
and stability of the system. The membership function shape
of the fuzzy controller as follows:

m1(x1) = e−(x1−10)2/12

m2(x1) = μN2
1
(x1) = 1 − m1(x1).

The membership function shapes of the polynomial fuzzy
model and controller are given in Fig. 1.

In this article, PTSMFs red are designed to approximate
membership function and bring membership function knowl-
edge into stability and positivity analysis. Since choosing
different number sample points and degree, different shape
PTSMFs will be obtained which leads to various approxi-
mation error. The approximation error of PTSMFs will be
considered in stability and positivity analysis. To illustrate the
influence of different expansion degrees and gaps of sample
points of PTSMFs in feasible regions which satisfy SOS-based
positivity and stability conditions, a comparison table is shown
(see Table I).

Regarding the cases 1–3 in Table I with the chosen member-
ship functions of the polynomial fuzzy model and controller,
corresponding to each subregion δg, the regional lower and
upper approximation error between PTSMFs ĥ21g(x(ρ)) and
h21(x(ρ)) = w2(x1) × m1(x1) with case 3 can be obtained
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Fig. 1. Solid lines and dotted lines represent the membership functions of
the polynomial fuzzy model and polynomial fuzzy controller, respectively.

Fig. 2. Regional lower and upper approximation error between PTSMFs
ĥ21g(x(ρ)) and h21(x(ρ)) = w2(x1) × m1(x1) with case 3 in Table I.

TABLE I
SAMPLE GAPS AND EXPANSION DEGREE OF PTSMFS

as shown in Fig. 2. In the example of case 1, regional lower
and upper bound of approximation error between PTSMFs
and original membership function δdcg and δdcg, the regional
lower and upper bound of PTSMFs ζ

dcg
and ζ dcg computed

numerically are shown in Table II.
First, polynomial fuzzy controllers of basic stability and

positivity condition derived from Remarks 4 and 6 are
checked, whose membership function knowledge is consid-
ered. �c

w(x(ρ)) is set as polynomial of degree 0 to 4 in x1(ρ)

for c ∈ j, w ∈ n. And no feasible region is found.
Now, SOS-based positivity and stability conditions which

is acquired from Theorem 1 are used to synthesis the feed-
back gains of polynomial fuzzy controller. In order to ease
the computational demand, we reduce the number of slack

Fig. 3. Feasible regions based on Theorem 1 represented by “×” regarding
case 1, “�” regarding case 2, and “◦” regarding case 3 with slack vectors
Ydc(x(ρ)), Sdc(x(ρ)), and SSdc(x(ρ)).

Fig. 4. Feasible regions based on Theorem 1 represented by “×” regarding
case 1, “�” regarding case 2, and “◦” regarding case 3 with all slack vectors
Ydc(x(ρ)), Sdc(x(ρ)), SSdc(x(ρ)), U(x(ρ)), and T(x(ρ)).

(a) (b)

Fig. 5. Referring to feasible regions represented by the mark “◦” regarding
case 3 in Fig. 3, phase plots Fig. 5(a) and (b) are chosen parameters a =
24; b = 2.52 with time delay τ1 = 50, τ2 = 100 and τ1 = 100, τ2 = 200,
respectively.

vectors we used by Ydcg(x(ρ)) = Ydc(x(ρ)), Sdcg(x(ρ)) =
Sdc(x(ρ)), SSdcg(x(ρ)) = SSdc(x(ρ)), Tg(x(ρ)) = T(x(ρ)),
and Ujg(x(ρ)) = U(x(ρ)). We set polynomial �c

w(x(ρ)) with
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TABLE II
PARAMETERS δdcg , δdcg , ζ dcg , AND ζ dcg FOR CASE 1 REFERRING TABLE I

degree 0 to 4 in x1(ρ) for c ∈ j, w ∈ n and ε1 = ε2(x(ρ)) =
0.0010 for solver initialization.

We first employ Theorem 1 only with slack vectors
Ydc(x(ρ)), Sdc(x(ρ)), and SSdc(x(ρ)) all as polynomial of
degree 0 in x1(ρ) to synthesize polynomial fuzzy con-
troller. This means only regional approximation error between
PTSMFs and original membership function with the regional
bounds of PTSMFs are considered in the stability analysis.
Fig. 3 provides the resulting feasible regions.

(a)

(b) (c)

Fig. 6. Referring to feasible regions in Fig. 4 represented by the mark “×”
regarding case 1, phase plot Fig. 6(a) are chosen parameters a = 24; b = 3.09;
represented by the mark “�” regarding case 2, phase plot Fig. 6(b) are chosen
parameters a = 24; b = 2.52; represented by the mark “◦” regarding case 3,
phase plot Fig. 6(c) are chosen parameters a = 27; b = 2.33. All with time
delay τ1 = 50, τ2 = 100.

(a)

(b) (c)

Fig. 7. Referring to feasible regions in Fig. 4 represented by the mark “×”
regarding case 1, phase plot Fig. 7(a) are chosen parameters a = 24; b = 3.09;
represented by the mark “�” regarding case 2, phase plot Fig. 7(b) are chosen
parameters a = 24; b = 2.52; represented by the mark “◦” regarding case 3,
phase plot Fig. 7(c) are chosen parameters a = 27; b = 2.33. All with time
delay τ1 = 100, τ2 = 200.

In the next step, we employ Theorem 1 with all slack vec-
tors to synthesis polynomial fuzzy controller. We set slack
vectors Ydc(x(ρ)), U(x(ρ)), Sdc(x(ρ)), and SSdc(x(ρ)) all as
polynomial of degree 0 in x1(ρ) and T(x(ρ)) as polynomial
of degree 0 to 2 in x1(ρ) for d ∈ s, c ∈ j. This means the
regional bounds of PTSMFs, interpolation membership func-
tion the property knowledge of PTSMFs and regional bounds
of premise variables together with regional approximated error
between PTSMFs and original membership function are con-
sidered in the stability and positivity analysis. The resulting
feasible regions are shown in Fig. 4.
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TABLE III
POLYNOMIAL FUZZY CONTROLLER OBTAINED IN FIGS. 3 AND 4

As shown in Figs. 3 and 4, it verifies that the basic member-
ship independent stability and positivity analysis derived from
Remarks 4 and 6 is very conservative since no feasible regions
founded. The stability and positivity conditions derived from

Theorem 1 can be relaxed by introducing the approximated
error between PTSMFs and original membership functions
into the stability and positivity analysis. Furthermore, it can
be found that PTSMFs possessing the higher expansion degree
and smaller gap sample points for case 3 find largest feasible
regions, which indicates case 3 can provide smaller approxi-
mated error compared with cases 1 and 2 and introduce more
membership function knowledge into stability and positivity
analysis which leads to more feasible regions. It is also evi-
dent that Theorem 1 (with all slack vectors) in Fig. 4 offers
the larger feasible regions when compared with Theorem 1
[only with slack vectors Ydc(x(ρ)), Sdc(x(ρ)), and SSdc(x(ρ))]
in Fig. 3. This means more information from membership
function and premise variables carried by corresponding slack
vectors can effectively reduce the conservativeness of stability
and positivity conditions.

To verify, DPF closed-loop system states are tested through
the phase plots corresponding to each situation in Figs. 3 and 4.
To achieve the best results, the trajectory of x1(ρ) and x2(ρ)

are simulated through eight different initial conditions indi-
cated with “◦.” As noticed from Figs. 5 to 7, the system states
are guaranteed positive while the DPF controller driving the
system state to equilibrium (origin) starting from any initial
condition. Furthermore, the system positivity and stability time
delay independent as we change τ1 = 50 to τ2 = 100 [see
Figs. 5(a) and 6], and τ1 = 100 to τ2 = 200 [see Figs. 5(b)
and 7]. This is because the positivity and stability conditions
described in Theorem 1 are essentially independent of the
delay period. The corresponding polynomial fuzzy controller
shown in Table III.

V. CONCLUSION

This article investigates the positivity and stability of DPF
closed-loop system with time delay. To reduce the conser-
vativeness of stability and positivity analysis, PTSMFs are
proposed to approximate the original membership function.
We showed that the introduction of regional approximation
error can relax the derived stability and positivity condi-
tions. To further relax the conditions, the regional bounds of
PTSMFs, the property knowledge of interpolation membership
function of PTSMFs and bounds of premise variables together
with PTSMFs are imposed on the stability and positivity anal-
ysis. We validated our proposed Theorem 1 and the formulated
SOS-based stability and positivity conditions therein via the
given simulation example.

In terms of future research direction, the stability and
positivity conditions of discrete time PFMB control system
with time delay by combining other control methods, such
as output-feedback and observer-based feedback controller.
Furthermore, both widely application in communication
systems and formation flying and the theoretical challenge of
switched positive systems with time delays, there will be a big
motivation to study such different kinds of system.
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